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ABSTRACT 
Let X be a complex abelian fourfold of Mumford-type and let V = H’(X, Q) . The complex 
Mumford-Tate group of X is isogenous to SL(2)3. We recover information about the Hodge struc- 
ture of X using representations of the Lie algebras $1(2)’ and Q(8) acting on V @Q 43. Using these 
techniques we show that there is a Kuga-Satake variety A associated to X in such a way that A is 
isogenous to X32. 
1. INTRODUCTION 
Varieties of Mumford-type occur as general fibers of the l-dimensional families 
of Cdimensional complex abelian varieties introduced by Mumford in [MUM]. 
The main interest in studying these varieties comes from the fact that their 
Mumford-Tate group is strictly contained in Sp(S), while the Mumford-Tate 
group of the general abelian variety is the whole symplectic group. Moreover, 
varieties of Mumford-type gave the first example of abelian varieties not char- 
acterized by their endomorphism algebra and having a small Mumford-Tate 
group, in the sense just explained. Kuga proved the Hodge Conjecture for such 
varieties in [K, 2.2.21 and Hazama (see [Ha, 5.21) showed that there are excep- 
tional classes in H4(X x X), if X denotes such a variety. The Hodge Conjecture 
for a product of varieties of Mumford-type is still unknown. 
In this paper, after studying the Hodge structure of a variety X of Mumford- 
type, we find a Q-Hodge substructure W c VQ2 where V = H’(X, Q) and, 
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using W, we show that to X we can associate a Kuga-Satake variety. We con- 
clude proving that this Kuga-Satake variety is isogenous to X32. 
The paper is organized as follows. 
In section 1 we first recall some general definitions and properties of Mumford- 
Tate groups to introduce the techniques we use to investigate the Hodge struc- 
ture of a variety of Mumford-type. If X is such a variety we write V = 
H’(X, Q). The Mumford-Tate group MT(X) of X is a subgroup of GL( V), so it 
acts in a natural way on V. We can also consider the tensor powers of this re- 
presentation on Van. The link between such representations and Hodge struc- 
ture of X is due to fact that Q-subrepresentations of MT(X) in Pp” are in bi- 
jection with the rational Hodge substructures of I’@‘. Moreover, the Hodge 
classes are precisely the invariants under the action of MT(X). We will recall 
these results in 1.2 and in 1.3, they are all in [DMOS]. Good references for these 
topics are also [G, 21 and [vG]. 
In section 2 we recall briefly some properties of varieties of Mumford-type. For 
such varieties the Mumford-Tate group, over C, is isogenous to SJ?(~)~. In sec- 
tion 3 we start our computations on the representations (over C) of SL(2)3 as a 
subgroup of S&3) using the corresponding representations of the Lie algebras 
gI(2)3 and Q(8). We investigate the tensor powers P” and we find all the 
Q-Hodge substructures in V on More precisely, if W,, denotes the irreducible 
(n + 1)-dimensional representation of 81(2) and wa,b,c (a, 6, c E Z), denotes the 
tensor product W, q Wb a WC, we will prove 
Theorem 3.5. The irreducible SL(2J3-subrepresentations in V@” (that is, the 
Q-Hodge substructures in V@“) are precisely the ones which contain a rep- 
resentation of the form W2@@,, (0 5 1, k, m < n/2) if n is even and of the form 
W21+1,2k+l,2m + I, (0 5 1, k, m I (n - 1 j/2) ifn is odd. 
We find also a Hodge substructure in H4(X, Cl) which can be interesting in 
view of the Generalized Hodge Conjecture (see 3.8). 
In the last section we show that to a variety of Mumford-type X can be asso- 
ciated a Kuga-Satake variety. To do this we use a Q-Hodge substructure 
W c P2 we find in section 3. We first show that this substructure is isogenous 
to the Lie algebra (over Q) of the Mumford-Tate group of X and that its 
homomorphism algebra, as a Q-Hodge structure, is isomorphic to the centre of 
the quaternion algebra A which is the starting point for the construction of X. 
Thus, we can say that W is in some sense canonically associated to a family of 
Mumford-type. 
Then we prove that W satisfies the right conditions to define a Kuga-Satake 
variety KS( W, Cl). Finally we show the following 
Theorem 4.10. Zf X is a variety of Mumford-type, then the Kuga-Satake variety 
KS( W, Q) is isogenous to X32. 
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2. MUMFORD-TATE GROUPS OF ABELIAN VARIETIES 
The Mumford-Tate group (or Hodge group) was introduced by Mumford in 
[Mull for abelian varieties but in general it is associated to rational Hodge 
structures [DMOS]. Here we recall its construction for the convenience of the 
reader. Since we are interested in polarized abelian varieties, we introduce the 
definition for this case only. 
Let X be a complex abelian variety, that is X z Cg/A, with A a lattice. One has 
q(X) =n=H’(X,E).Wewrite V=H’(X,Q), sothatX= (V@oC)/A. A 
complex structure on Vu = H1 (X, R) is a R-linear map 
J: H’(X,R)-H’(X,R) such that J2 = -I. 
A polarization for X is a cycle E E H2(X,Q) r7 H’>‘(X) c H2(X,@), i.e. a 
map E’ : A2H1 (X, CD) + Q that satisfies Riemann’s Relations: 
E’(J’x, J’y) = E’(x,y), E/(x, J’x) 2 0, 
where J’ is the dual of J. In this way an abelian variety is defined by the data 
(V, A, J, E). To give J is the same to give the representation of real algebraic 
groups 
h: S’-GL(V& a+ib~al+bJ, 
where 5” = {z E C* : /zJ = 1). For all n there are representations 
l\nh : S’ + GL(I\“H’(X, R)) = GL(H”(X, R)). 
Deiinition 1.1. The special Mumford-Tale group (also called Hodge group) 
MT(X) of the abelian variety X is the smallest algebraic subgroup G C GL( I’) 
which is defined over Q, such that 
h(S’) s G(R). 
Let Sp(E) be the algebraic subgroup of SL( V) which fixes a polarization E of 
X. It can be easily proved that 
G = MT(X)(R) C SP(EW, 
indeed Sp(E) is defined.over Q and h(S’) 2 Sp(E)(R). Thus MT(X) 2 Sp(E). 
It can be proved that for the general abelian variety the isomorphism holds (see 
for example [vG, 61). 
Mumford-Tate groups are useful tools to study the Hodge structure of a 
complex abelian variety X. Let us denote the space of Hodge classes of X (of 
codimension p) 
B”(X) = H2P(X, Q) n HPIP(X) (c H2p(X,C)). 
We have the following results 
Theorem 1.2. Let pk : GL( V) -+ GL(Ak V) be the kth-exterior power of the 
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standard representation p1 of GL( V). For all p the space of Hodge classes of X is 
the subspace of MT(X)- invariants in H2J’(X, Q), i.e. 
(1) P(X) =-H’p(X, Q)MT(X). 
Proof. See [G, Corollary 2.41. 
Proposition 1.3. There is a bijection (see [G, 2.4.1) 
Q - Hodge substructures 
of van . 
Remark 1.4. As MT(X)(@) is a connected reductive group (see [2.3,2.5]G), its 
representations (or the representations of its Lie algebra) are well known. So 
one can study the representations of MT(X)(@) over Vsn and, whenever these 
representations are defined over Q, one gets rational 
Ven. Moreover, one has 
BP(X) 63~ @ = (H2p(X,Q=))MT(X)(C). 
So, to find the Hedge classes in H2p(X, Q) = A2” V C VaPn one first studies the 
Hodge substructures in 
invariants on ALP Vc and then one tries to find the invariants defined over Q. 
3. VARIETIES OF MUMFORD-TYPE 
In [Mu21 Mumford defines a family of 4dimensional complex polarized abe- 
lian varieties where the Mumford-Tate group of any fiber is not Sp(8) but the 
general fiber has no nontrivial endomorphisms. We call these fibers varieties of 
Mumford-type. Mumford also shows that, over C, the Mumford-Tate group of 
these fibers is isogenous to SL(2, C)3. 
Let us recall briefly the construction of these varieties. We write a complex 
abelian variety of dimension g as (V, A, J, E), where V s Q2g and A, J, E are 
the lattice, the complex structure and the polarization respectively. To give the 
details of the original construction of Mumford we have thus to give the data 
(V, A, J, E) of a general fiber. 
We start from a quaternion algebra A over a totally real cubic number field K 
such that 
(2) A@oRrW@W@M(2,R), 
where U-I is the Hamilton’s quaternion algebra. Using the corestriction of this 
algebra, Mumford gives a map 
a : A* + GL(8,Q), 
and this gives V S’ Q8. For A take a lattice in V. We can write an element a E A 
as 
a = a0 + U161 + up52 + cz3E3 ai E K, 
with c:, ~22 E K and eic2 = -QE~ = ~3. Define 
G := {X E A’ : xx = l}, 
where, if a = uo + alei + ~2~2 + use3 E A, then a = aa - UIEI - ~2~2 - use3 is 
the canonical involution on A. G is an algebraic group over Q which is, by 2, a 
Q-form of the [W-algebraic group SU(2) x SU(2) x SL(2, OX). Moreover, via 
CX, G has an algebraic representation in V defined over Q which is a Q-form of 
the representation of real algebraic groups 
SU(2) x SU(2) x SL(2, rw) + 374) x SL(2, [w). 
The map Q, over @, is the tensor product of the standard representations of 
SL$): 
F/@QC~V~@I’V;~BV~, with dimVi=2. 
Let E := El @ Ez @ Es, where the Ei’S are invariant alternating forms on Vi 
(they are unique up to scalars). Thus, over Q, there is a unique (up to scalars) 
alternating form 
E: Vx V---d, E(x, Y) = -E(Y, x) 
fixed by the representation a. Now, by (Y we can define a real representation 
h : s’ - SU(2) x SU(2) x SL(2, [w) g SO(4, [w) x SL(2,5+GL(8, W) 
and this gives us the complex structure on R* by J := h(i). The polarization E 
on V comes from the standard symplectic form on V @Q C. Moreover, the 
group o(G) turns out to be the Mumford-Tate group of (V, A, J, E). 
4. HODGE STRUCTURE OF AN ABELIAN FOURFOLD OF MUMFORD-TYPE 
We are going to study the Hodge structure of a variety of Mumford-type fol- 
lowing the strategy explained in Remark 1.4. In all this section we consider 
representations and Mumford-Tate groups over complex numbers. From now 
on with Hodge structure we mean rational Hodge structure. 
We are going to study representations of SL(2)3 as a subgroup of Sp(8) by 
looking at their Lie algebras. This gives us a motivation to do what follows. 
Let W,, be the irreducible (n + 1)-dimensional representation of 51(2), the Lie 
algebra of SL(2), so W,, = S” WI . If Vi, VZ, V3 are irreducible representations 
of 51(2), then we denote by VI LXI VZ [XI P’s the representation of Z%(2)3 on 
VI @ I’2 CZJ I’3 where (gi, g2,gs) E GI(2)3 acts by gi on the i-th tensor component. 
We write 
W o& := W, q Wb (XI WC with a, b, c E z20 
and any irreducible GI(2)3 -representation is of this type. We write W := 
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Wi with standard basis {e’, e-‘} and we denote the products e’lxlei (Xlek with 
euk. Let <, > be the alternating form on W which is invariant for SL(2) and 
which is represented by the matrix 
On the eight dimensional space V = W [E3 W IXI W we have an alternating form 
defined as follows 
E(e’jk, e’Yv) = < ei,ei’ >< $,ej’ >< ek,ek’ > i,. . . ,k’ E {-l, l}. 
One has 
E(_, -) = 
1 
11 ;; ; ; j; “f:]Ti;-“;k”,= k’ 
> 7 
Let now 51(2)’ := g1 @ g2 $ g3 where gi := BI(2). Let hi be the standard Cartan 
algebra of gi and Ij = lj, @ lj2 @ I& a Cartan algebra of 51(2)3. For i,j, k E Z we 
define a weight (i,j, k) E Ij* by 
where Hi = (: z) E fji. We choose a symplectic basis {fi, . . . ,fs} for (I’, E) 
and consider Sp(8) := Sp( V, E). By this construction, we can consider SL(2)3 
as a subgroup of Q(8). Let Jj be the Cartan algebra of s&)(8). It has basis 
{HI, . . . . Hd} with Hi = Ei,i - E d+i,d+i and Eq+i,+i is an elementary matrix. 
Let {Li, . . . . L4) c h* be the dual basis. Given H E lj one has 
(3) 
{ 
HA = &(H)f;: 
HA+4 = -L(H)f;:+4 i= 1,...,4. 
Proposition 3.1. The C-linear restriction map 6’ + Jj’ acts on the roots in the 
following way 
Ll H (1,1,1), -52 H (1,-1,-l) 
L3 H (-l;l,-l), L4 H (-I,-1,l). 
Proof. We observe that, if X, Y E 51(2), and U, w E W, then 
(X, Y)(vtzlw) = (XV)lzJW + vrxr( Yw). 
From this and 3.1 .l we get 
(HI, HZ, H3)(euk) = (asI + bs2 + cs3)(euk). 
For example, Hfl = L1 (H)J gives H(e” ‘) = L1 (H)e” l. Hence, the weights of 
the representation W IXI W [XI W under the action of IJ are (5~1, fl, 41). 0 
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Corollary 3.2. The standard representation V = W q W [XI W is irreducible un- 
der the action of 81(2)3 with highest weight (1, 1,l). 
For the second symmetric power S2 V there is the following 
Lemma 3.3. The aa’joint representation of @p(8) is isomorphic to S2 V. 
Proof. The highest weight of the adjoint representation of Q(8) is 2Lr and the 
roots are fLi f Lj (see [F-H, pag. 240-2431). H E h acts on S2 V by 
H(ei 0 ej) = H(t?i) 0 ej + ei 0 H(ej) = (fLi f Lj)H(ei 0 ej), 
thus its highest weight is 2Lr too. The representations are both irreducible of 
the same dimension, thus they are isomorphic. 0 
From the previous results and the Lemma follows the decomposition of 
V @I V = S2 @ A2 under the action of 5’%(2)3 : 
Theorem 3.4. The decomposition of S2 V and A2 V under the action of ~1(2)~ is 
the following 
S2 V = w2,2,2 @ wz,o,o CB wo,2,0 a3 wo,o,2 
A2V = w2,2,0 @ w2,0,2 43 wo,2,2 a3 wo,o,o. 
Proof. Restricting the adjoint representation to ~Zl(2)~ we obtain representa- 
tions with weights 
(fl f 1, fl f 1, fl f 1) E H3. 
The highest weight of the adjoint representation of C+(8) restricts to (2,2,2) 
that corresponds to W2 IXI W2 [XI W2. As for the other representations, for ex- 
ample, we have the weight (2,0,0) with multiplicity two, one is in W2,2,2 and to 
the other one corresponds the representation W~,O,O. 
The other representations in S2 V and the decomposition of A2 V are ob- 
tained by similar considerations on multiplicities of weights. q 
One can decompose the tensor powers VE” under the action of GL(2)3 using 
the same techniques as before and one obtains direct sums of representations of 
the form Wa,b,c. Thus one gets 
Theorem 3.5. The irreducible SL(2)3-subrepresentations in V@” (that is, the 
Q-Hodge substructures in Pn) are precisely the ones which contain a rep- 
resentation of the form W2[,2k,&, (0 I I, k, m I n/2) ifn is even and of the form 
W21+1,2k+1,2m+17 (0 5 hk,m 5 (n - 1)/2) ifnisodd. 
Let us consider again the action of Gl(2)3 over VC E W[xI Wlxl W, where W 
is the standard representation of 81(2) of dimension two. We use the polynomial 
notation for the symmetric powers of the standard basis {x, y} of W. 
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Proposition 3.6. Let v = VI NV* Elv3 E VcBn. Then, 
V=Vl IxlV2lxlV3 E (VEn)p'q iff v3 E< xryS >, with r - s = p - q. 
Proof. A vector v E VJ’>q if and only if h(z)v = zJ’Z% For example, let 
v = vi IxIv2 Ixlv3 E Vc. On the basis {X,JJ} we have 
h(e”) = (I, I, A@), 
with A0 = (t” ’ ,_is). The action on v is given by 
h(eie)(v) = v1 lZlv~lXA~v3. 
Thus, 
VE v I>’ iff 213 E< x > 
v E vO>l iff v3 E-c y > . 
For the general case it suffices to note that 
ABxr = eriOx’ 
_.&,yS = e-SioyS. 
Thus, Ae(x’yS) = &+‘. 0 
The next result will be useful later 
Corollary 3.1. The representations of the form W,+, c VE” are Hodge sub- 
structures with level a and the Hodge numbers diflerent from 0 are all equal to 
(a + 1)2. 
Example 3.8. One can see that W2,2,2 is an irreducible subrepresentation in 
A4 v c vo4, actually it is a Hodge substructure in H4(X, Q) of weight four 
with Hodge numbers (0,9,9,9,0). 
In this case the GHC (Generalized Hodge Conjecture) [St] suggests that we 
look for a surjective map 
H2(S) - W(2,2,2) _ C H4(X) 
of weight (1,l) induced by a family {LZ~},~~ of algebraic cycles in X para- 
metrized by a surface S. 
5. ABELIANFOURF~LD~ 0~MuhiF0RD-TYPE AND KUGA-SATAKE VARIETIES 
In this section we will prove that there is a Kuga-Satake variety associated to a 
variety of Mumford-type X and that this variety is isogenous to X32. 
5.1. Kuga-Satake varieties 
We recall the definition of the abelian varieties constructed by Kuga and Satake 
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in [K-S] (see also [S], [De]). For a discussion on the connections between such 
varieties and the Hodge Conjecture see [vGl]. 
The Kuga-Satake varieties are associated to polarized Hodge structures 
( V, h, !@) of weight two with dim V 2,0 = 1. We know that the R-linear extension 
of !P defines a quadratic form Q : VR -+ R. We write ( V, h, Q). 
.Let us consider V a G-vector space of dimension n with a nondegenerate 
quadratic form Q and let C’(V) c T(V) be the even Clifford algebra of V. 
Theorem 4.1. If (V, h, Q) is a polarized Hodge structure of weight two with 
dim V2so = 1 then on C+ ( V) can be defined a naturalpolarized Hodge structure 
of weight one’with 
vc+ c+(vy2. 
Proof. For the complete proof see [vGl, 5.1. We only recall how to construct a 
complex structure and a polarization for C’(V),. The complex structure is 
given in the following way. For a Hodge structure V, the real space VW can be 
decomposed 
VR = VI $ V2 with VI @ a3 = VI,‘, V2 @ @ = V2,’ $ V”$2 
and the direct sum is orthogonal for Q. The real space V2 is 2-dimensional. Take 
a basis { fi , f2) of V2 such that < fi + $2 >= V2,0 and Q(fi) = - 1. We define 
J := fi f2 and we can define also a homomorphism 
h, : @* 3 GW+V-),I 
a+bi c---) [x-a-bJx]. 
This homomorphism defines a rational Hodge structure of weight one on the 
G-vector space C+ ( V). 
For the polarization, first for any element c E C+(V) we consider the multi- 
plication map 
c+(v)+c+(v), XHCX. 
We denote by D(c) the trace of this G-linear map. There is a @linear algebra 
anti-involution L on C’(V) which is given by: 
L : C+(Q) - C+(Q), ef’ . . . en anHez...ea’ 1 (ai E {O,l)). 
Let now a := here2 E C’(V). The bilinear form 
E : C’(V) x C’(V) w Q, E(w, w) := Tr(cm(w)w) 
is a polarization for the weight one Hodge structure (C+( V), h,). Cl 
Let us consider the 2”-2-dimensional complex vector space 
w := (C’( v)‘lO)*, 
a free Z-module r with I’& &p = C+(V)* and the projection C+(V)* ---) W. 
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The image of r under this projection is a lattice in W. The quotient Ar is an 
abelian variety with Riemann form Er defined by E with 
(H’(&,Q),&) = (C+(I’)$,,E). 
Definition 42. Each variety in the isogeny class defined by the Hodge structure 
(C+( I’), h,) is called a Kuga-Satake variety for ( V, h, Q). 
5.2. Kuga-Satake varieties associated to a variety of Mumford-type 
We prove that we can associate a Kuga-Satake variety to a variety X of Mum- 
ford-type. We construct a Kuga-Satake variety starting from a Hodge sub- 
structure in S2 V, where, as usual, V = HI (X, Cl). 
We first investigate the Lie algebra of MT(X) over Q and we relate it with a 
representation W c S2 V through the adjoint action. We recall that our families 
are defined starting from a quaternion algebra A over a totally real cubic num- 
ber field K. We start with the following 
Proposition 4.3. The Q-algebra 
U:={xEA:x+x=O}. 
is isogenous to the Lie algebra of MT( X). 
Proof. We recall that the group 
G={x~A*:xx=l}, 
is isogenous to the Mumford-Tate group of X (see section 2). By definition, the 
Lie algebra of G is 
Lie(G) = {a E A : 1 + ea E G}, with e2 = 0. 
Now, (1 + ca)( 1 + Ea) = 1 + E(a + a) and, by definition of G, we get that a E 
Lie(G) iff a + 5 = 0, that is a E U. Cl 
Remark 4.4. Note that U has dimension nine over Q. In fact, the center K of A 
is a totally real cubic number field and A has dimension 4 over K with basis 
IlrEl,. . . , q }. Moreover, the elements of U are exactly the ones of the form 
aleI + a2E2 + a3e3 with ai E K. 
Let MT(X) act on U through the adjoint action, 
MT(X) + End(U) 
g - b+@g-‘l, 
we can see U as a U&representation of dimension nine. Thus, U is a Hodge 
structure canonically associated with a variety of Mumford-type. Moreover, 
since 
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we have that 2.4 is of weight two, We want to exhibit an explicit isomorphism 
between 2.4 and a Hodge substructure in S2 V. To do this, we come back to the 
complex representations of C~1(2)~ c B&r(8) and use the results of section 3. 
More precisely, we consider the following subrepresentation W we found in 
S2 Vc (see 3.4): 
W := w2,0,0 @ wo,z,o @ wo,o,2. 
Lemma 4.5. The representation W has dimension ine and it represents a rational 
Hodge substructure in Ve2 with Hodge numbers (1,7,1). 
Proof. This follows from the definition of the representations W&c and from 
Proposition 3.6. El 
We can state the following 
Theorem 4.6. 
Proof. The Hodge structure 24 is of weight two and dimension nine. So, it suf- 
fices to show that W is the only subrepresentation of dimension nine in V@““. 
Write Vc @ Vc = S2 Vc $ A2 Vc. We saw in 3.4 that 
i vc = w2,2,0 CD w2,0,2 @ wo,2,2 $ wo,o,o, 
so there are no nine-dimensional Hodge substructure in A2 V. We have just 
decomposed also S2Vc and we have seen that the only nine-dimensional rep- 
resentation in it is W. 0 
We observe here that we don’t need the irreducibility of the representation W 
since we use strongly the fact that QHodge structures correspond to rep- 
resentations defined over Q. We observe as well that, although W is the com- 
plexification of a Hodge structure, the single representations W~,O,O, WO,~,O, 
WO,O,~ are not. 
Let us consider the Q-vector space EndHOd of endomorphisms of U as 
Hodge structure. We have the following 
Proposition 4.7. Let K be the center of the quaternion algebra A defining X. Then, 
EndHod % K. 
Proof. As the Hodge substructures of VBn are the Q-subrepresentations of 
MT(X), one has 
EndHOd. = (4 E End(U) : r$MT(X) = MT(X)+}. 
Over the complex field EndH,d( W) @ @ has dimension 3 because W is direct 
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sum of three distinct irreducible representations of SL(2)3. Over Q, as 
MT(X) c A, the action of K on 24 c A commutes with the one of MT(X). 
Thus, K embeds in En&&U), but K has dimension 3 over Q, so the two spaces 
are isomorphic. 0 
We found a Hodge substructure U in the second symmetric power S2( V) and 
U 8 @ z W. We use this structure to define a Kuga-Satake variety. We have 
proved (Lemma 4.5) that 24 has dimension 9, weight 2 and Hodge numbers 
(1,7,1). Moreover, the Hodge structure U is a substructure in S2( V) so U has as 
a polarization Q the restriction to S2( V) of the polarization induced by E in 
V @ V. Hence there exists a Kuga-Satake variety KS(U, Q) associated to 
(U> Qh 
It can be seen ([F-H, 20.11) that the Lie algebra So( W) embeds in C’( W) as a 
Lie subalgebra. Note that W = U @ U’ 6~ T as a Bo( W)-space (since it is irre- 
ducible as an MT(X)-space over Q, and a sum of three 3-dimensional rep- 
resentations as an MT(X)-space over C) where U, U’ are 4-dimensional iso- 
tropic subspaces and T is l-dimensional and orthogonal to both U, U’. 
In this case C’(W) z End(l\* U), where A* U is the whole exterior algebra 
of U (see [F-H, 20.16.1). The embedding of Go(W) into C’(W) determines a 
representation of Go(W) on A* U called the spin representation. 
Now we want to show that the Kuga-Satake variety KS(Z.4, Q) (or K.S( W, Q)) 
is isogenous to X32. To do this, let us consider the orthogonal group 
SO(Q) = SOW, Q, associated to Q, one has Lie(SO(Q)), 2 So(W) 2 Go(g). 
Since W = W(2,0,0) @ W(0,2,0) @ W(0,0,23, the polarization Q is the sum of the 
Killing form of the gI(2) ‘s. Thus, GI(2) embeds in Bo(2,7) g go(g). The Car- 
tan algebra $’ of ao(9) is generated by the matrices Hi = Ei,i - E4+i,4+i, 
i= l,... ,4 where the Ei,i’s are the elementary matrices. We take as basis for the 
dual vector space IJ’* the vectors Lj, with 
1 
Hf;: = Li(H)J 
HA+4=-Li(H)J+4 i=1,...,4 
Hfg = 0. 
The roots of Gc(9) are {fLi f Lj, fLi} i = 1,. . . ,4. Let ~G1(2)~ = a1 @I 92 @ g3 
with ai = ZJ(2). If hi is the standard Cartan algebra of gi, then IJ := hl 63 h2 @ I& 
is a Cartan algebra for GI(2)‘. We choose bases in such a way that, if Hi = 
(z fS,) is an element in hi, then (HI, Hz, H3) E lj goes to the diagonal matrix 
diag(sl + is2,0,0, O,SI - is2,O,O,O,s~) E Go(g). 
Lemma 4.8. One has 
L : lj+Ij’, (HI,H~~H~) - 5 hi(Ei,i - Eq+i,d+i). 
i=l 
Proof. It suffices to compute the adjoint action of the element Hi = (z f,,) E & 
on a matrix of 51(2): 
(“d’ _Fi) (:: !Ai) - (:: _bhi) (“d’ _Y&) = ( (_ii)bi ?ibi). 
If we consider the image of the element (HI, HZ, 233) under the embedding in 
Go(s) we get the statement. 0 
We restrict now the spin representation to the subalgebra 81 (2)3. 
Proposition 4.9. The spin representation of So(9) decomposes, under the action of 
Gl(2)3, as 
Proof. We write W = U CB U’ $ T as before. The spin representation A* U of 
GO(~) comes from the isomorphism. C+(W) g End(/j* U) and, in our case, 
/j* u E P. The weights are (1/2)(fLi + fL2 + fL3 + fL4) (see [F-H, 
20.201). By the previous lemma, we have 
Thus, the spin representation restricts on GI(2)3 in this way: 
D 0 
( > 0 D 
where 
D = diag(si + s2 + ~3,. . , -(SI + s2 + ~3)) E Mg(C). 
We get 
1/2(&L* f L2 f L3 f L4)(L(Hl,H2,H3)) = fSl fS2 fS3 
= (h 1 f 1 f l)(H,, Hz, H3). 
These are exactly the weights of the representation WIJJ (see Corollary 3.2) 
each one with multiplicity two, since the weights 1/2(fLr, fL2, fL3, L4) and 
1/2(&L,) fL2, fL 3, -Ld) restrict to the same weight on h*. I7 
Theorem 4.10. If X is a variety of Mumford-type, then the Kuga-Satake variety 
KS( W, Q) is isogenous to X32. 
Proof. One has C’(W) s A* U EI A’ U and dim&S(W) = (dimoC+( W))/ 
2 = 27, since, by definition, (C’(W), h,, E) z H’(KS( W, Q), Cl). 
On the other hand, in the previous proposition we proved that, under the 
action of kSI(2)3, 
A u = Wl,l,l @ Wl,l,l 
and dim&V = 4. This means 
KS(W) - (X x X)? q 
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